HAMILTONIAN AND SMALL ACTION VARIABLES FOR PERIODIC 

DNLS 



EVGENY L. KOROTYAEV 

Abstract. We consider the defocussing NLS equation with small periodic initial condition. 
A new approach to study the Hamiltonian as a function of action variables is demonstrated. 
The problems for the NLS equation is reformulated as the problem of conformal mapping 
theory corresponding to quasimomentum of the Zakharov-Shabat operator. The main tool is 
the Lowner type equation for the quasimomentum. In particular, we determine the asymp- 
totics of the Hamiltonian for small action variables. Moreover, we determine the gradient of 
Hamiltonian with respect to action variables. This gives so called frequencies and determines 
how the angles variables depend on the time. 



Dedicated to the memory of my teacher Mikhail Sh. Birman, 1928-2009 

1. Introduction 

Consider the defocussing cubic non-linear Schrddinger equation (dNLS) 
on the circle T = M/Z, i.e. ip{x + 1, t) — if)(x, t) for x, t 6 R, with the initial conditions: 



^(;0) = q= m ei 2 (T)©I 2 (T), 
where gi, are real functions. The dNLS equation has the Hamiltonian H given by 

ff(g) = ^jf 1 (|g'( a :)| a + k( a :)|*)dx. (1.1) 

For functionals E = E(q) and G = G(q) the Poisson bracket {E, G}p has the form 

.„„, C 1 / 8E 8G dG BE \ 

The Hamiltonian system with Hamiltonian H is given by 

^ = {tfty), = —J (fe) = - J(-^ xx + 2|^| 2 ^). 
The dNLS equation has the Hamiltonian H and other two integrals Hq and H\ given by 

#o(g) = IMI 2 = / {q^x) 2 + q 2 {x) 2 )dx, 
Jo 
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Hi(q) = / (q' 2 (x)qi(x) - q[(x)q 2 (x))dx. 



o 



There are many papers and books devoted to the dNLS equation, see |FT] , [GHJ . The action- 
angle variables for the dNLS equation on the circle were studied by McKean-Vaninsky |MVlj . 
[MV2j . and Grebert-Kappeler-Poschel |GKP] , see also [V]. Note that the action-angle vari- 
ables are studied in [VNj . [Kuj . [KPj . The dNLS equation admits globally defined real analytic 
action-angle variables A n ,4> n ,n G Z (see |GKP] . [MVTj . [MV2] . [VN] ). Recall the important 
identities from |K2j : 

^o = IMI 2 = X) i4 »' ( L2 ) 



no 



ffi = ^(2tto)4i, (1.3) 

# = ^(27m) 2 A n + 2# 2 - U, (1.4) 

where C/ is some nonlinear functional given by (I4.2p . In fact we rewrite H , Hi and the main 
part of H in terms of simple functions of the actions A = (A n ) ne z- Moreover, the following 
estimates from [K2] hold true: 

0^U(A)^^\\A\\l, if |g|GL 2 (T), (1.5) 

where ||A||i = Xlnez^™- Introduce the real spaces 

= {f = (fnUz, ||/||p<00}, \\f\\ P p = J2fn<°°, P>1- 

n 

Note that $T2), ([Lift . ffT3D . yield: 

(i) |?| g L 2 (T) iff (A n ) nez e l\ 

(ii) |g'| G L 2 (T) iff (nA n ) neZ G £\ 

In Theorem II .11 we will show that U(A) is a well defined function of A = (A n ) n€ z G ^ 2 - We 
mention the Kuksin conjecture |Kulj : there is an estimate of the Hamiltonian H in terms 
of V(\\A\\ 2 ) for some polynomial V(z). As far as we know, no an estimate of H in terms of 
J r ( \\A\\ 2 ) for some function T{z), z ^ has been published. 

We formulate our result about the estimates. 

Theorem 1.1. The following estimates hold true: 

IT 277 i 

\\Af 2 ^U{A)^—JC x \\Af2, if (\q n \Uzei\ (1.6) 

O 6 

where q n = f Q q(x)e~ l27rnx dx and C\ = max{2, cosh ^H^Hoo}. 

Remark. 1) A G £ 2 iff {\q n \) n& G £ 4 , see Sect. 2. 
2) IfgeLt(T),then {\q n \) neZ G t. 

2) dESD gives U(A) = for some A G £ 2 iff A = (or q = 0). 
The Hamiltonian H depends only on the actions A. Introduce the frequencies Q n by 

d 

Q n = d n H, neZ, d n = ——, d = (d n ) neZ . (1.7) 
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The parameters fl n are very important, since the angle variables <f> n (t) as functions of time 
t ^ have the form 

<t>n{t) = 0n(O) + n n t, t^O, neZ. 
Due to (14.11) we deduce that the gradient is given by 

Q n = 8 n H = (2vm) 2 + 4if - d n U. (1.8) 

Thus in order to study Q n we need to study d n U only, which is defined on q G L 2 (T). Our 
goal is to give a new method to study Hamiltonian as a function of action variables. In this 
paper we reformulate the problems for the dNLS equation as the problems of the conformal 
mapping theory. The main technical tool is Theorem 13.11 from [KK3J about the Lowner type 
equation. We formulate our main result. 

Theorem 1.2. Let srf = {A e l l : Y,nei A n < j?}- Then the function U : srf -»• [0, oo) has 

the derivative d n U (A) for each n G Z, which is continuous on srf and satisfies 

\U(A)-\\A\\l\^A7rV3\\A\\l (1.9) 

\\dU(A) - 2A\\ 2 ^ ll^plUplh. (1.10) 

Remark. 1) Note that the Hamiltonian H(q) is defined on the functions \q'\ G L 2 (T), but we 
study the frequencies for the potentials \q\ G L 2 (T). 

2) In order to prove (II. 9p with the reminder of the third order 1 1 ^4 1 1 ^ we use the properties 
of the quasimomentum from |KK2j . |K3j . |K4] and the identity (14. ip only. Moreover, similar 
arguments give the Taylor series of the Hamiltonian H in terms of actions A n for any order. 
We consider the simplest case to write the short paper and to formulate our approach. The 
main problem is to show (ll.lOp . 

3) We estimate U in terms of the norm ||A||2, which yields estimates in terms of ||A||i, since 
ll^lh ^ ll^lli- I n order to study the perturbation of the dNLS the estimates the Hamiltonian 
H(q) in terms of \\A\\2 are important. This is the motivation of the estimates (11.91) . (ll.lOp . 

4) In the case \q'\ G L 2 (T) the Hamiltonian if is a real analytic function of (nA n ) ne % and the 
Marchenko-Ostrovski parameters, similar to the case H , see Theorem 13. 1[ 

4) In |K5j we consider the frequencies fl n for general case and determine their asymptotics as 
n — > ±oo. 

We now describe the plan of the paper. In Section 2 we recall the needed results from 
[KK2], [KK3] . |K4j . |K3] and [MOj about the quasimomentum k(z,h) as the function of two 
variables z, h: z is a spectral variable and h G C 2 is the Marchenko-Ostrovski parameter. Note 
that for each h G C 2 the function k(-, h) : )C(h) — > Z is the conformal mapping (see definitions 
of K,{h),Z and k(-,h) in (I2.4p ). In Theorem 13.11 from |KK3] we recall the needed properties 
of the function z(k, h) (for fix h G £ 2 the function z(k, h) is an inverse for k(z, h) ) as the 
function of quasimomentum k and h G C 2 and formulate the Lowner type equation (13. 4p for the 
conformal mapping z(-, h) : K.(h) — > Z. In Lemma [3.21 from |KK3j we describe the properties 
of the actions A n (h) as functions of the Marchenko-Ostrovski parameters feel 2 and present 
the exact formulas for -^—A n (h),n,m G Z. In the proof of Theorem 11.11 we use the identity 

= Z^nez Xm tn uJ n , where ui m = Jp- and X m ^ n = |^p,m G Z. In Lemma 13731 we show that 
operator X : £ 2 — > £ 2 with the matrix X m ^ n satisfies X = J + o(l) as A — > 0. In Lemma I4TT1 we 
determine u n = 2A n + o(||A||) as A — > 0. Then roughly speaking we determine asymptotics 
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2. Preliminaries 

The dNLS equation is integrable and admits a Lax-pair formalism, see |ZS] . |FT] . Consider 
the corresponding Zakharov-Shabat operator T zs acting in L 2 (M) © L 2 (M) and given by 

T >- = J i+ a ' s - ft 4) • <"> 

where |g| G -^(O, 1). This operator is essentially self-adjoint on the domain @ = {/, /', /" G 
L 2 (IR) © L 2 (R)}, (see |LMj ). The spectrum of T zs is purely absolutely continuous and is union 
of spectral bands a n , n G Z, where 

On = [Zn-l, Z~], ■ ■ < Z^ n _ x ^ Z^n-l < 2 2n < ^2n < • • • , and Z n = n7T + oi 1 ) as \ n \ ~+ °°. 

The intervals a n and a n+ i are separated by gap g n = (z~,z£) with the length \g n \ ^ 0. If a 
gap g n is degenerate, i.e., \g n \ = 0, then the corresponding segments a n ,a n+ i merge. We use 
the Zakharov-Shabat equation for a vector -function /: 

Jf + Qf = zf, zeC, f= , (2.2) 

where /i, f'2 are functions of x G K. Here and below ( ') = d/dx. The boundary value problem 
with Eq. (12.21) and with the condition /(0) = /(l) is called periodic and the boundary value 
problem (12. 2p with the condition /(0) = — /(l) is called antiperiodic. Here z^,n G Z are the 
eigenvalues of the periodic problem and Z2 n+1 ,n G Z are the eigenvalues of the anti-periodic 
problem. Define the 2 x 2- matrix valued fundamental solution \1/ = ^(x, z) by 

J^f! + Q$! = Z-%, tf(0,z)=(J fj, zeC. (2.3) 

Introduce the Lyapunov function A(z) by 

A(z) = -Tr#(l,z), zGC. 

The function A is entire and A(z^) = (—1)™ for all n G Z (see e.g. |LSj ). 

We recall results which is crucial for the present paper. For each q G L X (T) there exists 
a unique conformal mapping (the quasimomentum) k : Z — > /C(/i) with asymptotics fc(z) = 
2 + o(l) as |z| -> 00 (see Fig. 1 and 2) and such that (see [MO] and [MO] . [MT2] . [KK2]) 

cos&(z) = A(z), zeZ = C\ Ug n , and 

/C(/i) = C \ ur n , r n = (7m — i\h n \, 7m + i\h n \), h n G M, 
|A n | ^ is defined by the equation cosh|/i„| = (— l) n A(2; n ) ^ 1. (2.4) 

Here r„ is the vertical cut and recall that z n G [z~,z^] and A'(z n ) = 0. Moreover, we have 
(\K\) n & G f iff q G L 2 (0, 1) (and (n|/i n |) neZ G £ 2 iff q' G L 2 (T)), see [El], [K2]. 
Recall the properties of the conformal mapping k = u(z) +iv(z), z G Z from [MO] or [KK2J: 

Lemma 2.1. Let h G . T/ien t/ie quasimomentum k = u(z) + iv(z), z e Z satisfies: 

1) v(z) ^ I1112 > and 17(2) = —v(z) for all z G C + = {I1112 > 0}. 

2) v(z) = for all z G a n , n G Z. 
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3) If some g n 7^ 0, n G Z ; then the function v(z + iO) > for all z G g n , and v(z + iO) has a 
maximum at z n G g n such that v(z n + zO) = \h n \,v'(z n ) = 0, see Fig. 3, and A'(z n ) = and 

v(z + iO) = -v(z-iO) > 0, V ( z + l ^ > o ; v"{z + i0)<0, all z G # n ^ 0, (2.5) 

z n z 

\9n\ < 2|/g. (2.6) 
^ m'(z) > on a// (^n-u^n) an< ^ = nn f or Q tt z <E g n ®,n e Z. 

5) The function k(z) maps a horizontal cut (a "gap" ) [z~,z+] onto vertical cut T n and a 
spectral band o~ n onto the segment \k(ti — 1), 7m] for all n G Z. 

We emphasize that the introduction of the quasi- momentum k(-) provides a natural labeling 
of all gaps g n (including the empty ones!) by demanding that fc(-) maps the cut (a "gap" ) 
[zq, Zq] on the vertical cut T = (—iho, iho). This determination of a fixed reference point will 
be of important later on. Let z(-) = k~ l : K(h) —>■ Z be the inverse mapping for k : Z — > K,(h). 
Below we will sometimes write z(fc, h), , .., instead of z(k), , .., when several h are being dealt 
with. Note, that for fixed k G K(h) the function z(k,h), h G £^ is even with respect to 
each variable h n G M, n G Z. We use /i n G R, since it is more convenient for us than 
h n G [0, 00). 

For any nondegenerate gap g n the function k(-,h) has an analytic continuation (from above 
or from below) across the interval g n . This suffices to extend the function —i(k(-, h) — irn) by 
the symmetry. Similarly the function z(-,h) has an analytic continuation (from left or from 
right) across the vertical cut {irn — i\h n \, tm + i\h n \) by the symmetry. 

In spirit, such result goes back to the classical Hilbert Theorem (for a finite number of 
cuts, see e.g. [J]) in the conformal mapping theory. A similar theorem for the Hill operator is 
technically more complicated (there is a infinite number of cuts) and was proved by Marchenko- 
Ostrovski [MO] . The proof of Misura for the Zakharov-Shabat system follows the general idea 
from [MO] . For additional properties of the conformal mapping we also refer to our previous 
papers [KK2] . [KK4] . [K2] . 

A lot of papers are devoted to the inverse problems for the operator T zs . Misura [Mil], [Mi2] 
extended the results of [MO] to the periodic Zakharov-Shabat operator (in terms of heights 
h = (h n ) n€ z G £ 2 of vertical cuts r„, n G Z, see Sect. 2). The author [Kl] reproved the results of 



Misura [ MIT] , [Mi2j by the direct method [KKlj . The gap length mappings were considered in 
[BGGK] . |GG] , |K2j . A priori estimates (two sided) of H ,H in terms of actions, gap lengths, 
Marchenko-Ostrovski parameters, etc. were obtained in [KK2] , |KK3] . [Klj - [K4] . There are 
papers devoted to the integrals H,H ,Hi, see [KK2j . |KK3j . [Kl] - [K4j . where various both 
identities and estimates of integrals in terms of gap lengths of the Zakharov-Shabat operator, 
actions variables, the Marchenko-Ostrovski parameters (so-called heights h n , see Sect. 2) were 
obtained. 

Note that if q G L 2 {T), then v G L l (T) n L°°(R), see ( Eg) . 
The quasimomentum k(-) has has asymptotics 

k(z) = z-^±^l if q & L 2 (T) and k{z) = z- 9l - 9l _ Q* + °M lf q> e L\Y) 

z z z z 

as z — > ioo, see [K2J, where the functionals Qj(h), (n2h n ) neIi G £ 2 ,j = 0, 1, 2 are given by 

QAh) = - I z j v(z + iO, h)dz > 0, j = 0,1,2, k(z) = u(z) + iv(z). (2.7) 
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Im z 



; o z o~ 



Re z 



Figure 1. The domain Z = C \ Ug n , where g n = (z n , z, n 



— 7r 4- ihi 

'P— f- 



Im k 

if o 





7T + i/ll 



~2^1 3ttI R e fc 



FIGURE 2. The domain i^(/i) = C \ ur n , where T n = (irn — ih n , 7m + i/i n ) 




FIGURE 3. The graph of v (z + iO), z G g n U o n U a n+ i and |/i n | = f [z n + zO) > 
Recall the following identities from [KKlj 

H = 2QoO) = Iff \ z '( k i h ) ~ M 2 dudv, H t = 4Q 1 (h) 1 H 2 = SQ 2 (h), (2.8) 

where k = u + iv. The functions Qj{h) are even with respect to each variable h n , and then 
due to (13.51) . Qj{h) are the functions of A = (A n ) n( zz- 
Recall estimates for the periodic Zakharov-Shabat operator (see Corollary 2.3, [K3J) 

±\\q\\ ^ |N|2<3(l + ||g||)5||g||, (2.9) 
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^N|2^IMI^2||^| 2 (i + y| 2 ), g = {\g n \)nez, (2-10) 

l^lla ^ 16min|||g||, \\h\\ 2 , \\g\\ 2 (l + ||#|| 2 )}, (2.11) 

where 77 = (r? n ) neZ and r] n = tt - \a n \ ^ 0, see [K3]. 

The dNLS equation admits globally defined real analytic action-angle variables A n , <p n , n G Z 
(see |GKPj . |MV1| . jMV2] . [VN] ). where the action variables A n are given by 

A n = -— [ z A ^ =dz ^ 0, (2.12) 

see |FM] , where ^„ C C is a counterclockwise circuit around the gap g n only and the branch 
of y/l - A 2 (z) is defined by y/l - A 2 (z + i0) > for all z G (zjj", % ). 

Using the identity A (2) = cos&;(,2) and integration by parts we rewrite the action t4„ in 
terms of the quasimomentum (see [ KK3] ) 

A n (h) = -—j k(z,h)dz = - [ v(z,h)dz^0, v = lmk(z), n G Z. (2.13) 

7TZ /„ 7T /„ 

Here and below the function v(z, h) in the integral f v(z, h)dz on the gap g n 7^ is given by 
f (z, h) = v(z + iO, h) > 0, z & g n . Below we need the following estimates from [KK1]: 

/ \9n\ 2 \g n \\h n \ \ , , 2 /" |gn||fen| . 2|/j, n | 2 

max< — - — , > ^ A n = — / v(z)dz < ^ , all n G Z. (2.14) 

4 7T 7T /„ 7T 7T 



We need the important identity from |KK2j (see Fig. 3) 

v(t)dt 

g n \t-x\v n (t) 



v(x) = v n {x){l + Y n (x)), Y n (x) = - I V -^T—?T\ > °> a11 x e 9n 

71 ' 



v n (x) = \(x-z+)(x-z-)\^ = \rl-(z-z° n ) 2 \K 4 = ^ 3L > r « = ^- ( 2 - 15 ) 
For each nGZ there exists the unique points z n G g n such that 

v{z n + zO) = \h n \ = v n (z n )(l + Y n (z n )). (2.16) 
Define s = min neZ \a n \ and the sequences M n , .., and the sequence S = (S m ) me z by 

M n = maxY n (z), M n = max | Y^{z) |, M n = max |l^'(z)|, g m = j- V" ^ n — — . 

z£g„ zGg„ zeg„ 2 ^— ' S^m — VtlY 

Lemma 2.2. Let \\q\\ ^ |. Then for each n G Z i/ie following estimates hold true: 

s = min |er n | ^ 1, sup |# n | ^ -, (2.17) 

supi r ^M)* <Sm! (2 . 18) 

M n ^S n , M n ^S n , M n ^S n , (2.19) 
ll^lloo < ^ ^ ||5|| 2 < y||A|| 2 , H5IK < < (2.20) 
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Proof. The estimates ( 12. lip gives ^ n — \a n \ ^ 2 and then s ^ 1. 
The estimates (l2~T0|) gives El#n| 2 ^4||g|| 2 ^^, which yields ( 12TT7D . 
Using s ^ 1 and (11.21) we get S m ^ | Xln^m^™ = The definition of S rn gives 

E„ 2 1 \ - I \ ^ 71-4 



4 ^— ' ^— ' (p — m) 2 ^— ' (n — m) 2 6 2 



since ^ n>0 = IT - Similar arguments yield the last estimate in (I2.19P and (12.181) . (12.201) . 



Lemma 2.3. Lei /i G £°° . Then for each n G Z t/ie following estimates hold true: 

i\K\ < kl(i + M n ), 



^ A„ 



l#«| 2 / \g n 



-Mn 



|/i n - u n \^ Ah n M n + /i n ^ ^3(1 + ^r)M 2 + M r 
12^-1^1(1 + ^)1 <%!^M 2 , 
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2 ) 

71/5 



I 01/ \9n\ 

\Zn-Z n \ ^ — 



where z. 



+ 2 n 



(2.21) 
(2.22) 

(2.23) 

(2.24) 
(2.25) 
(2.26) 



Proof. Estimates (I2.24I) - (I2.26I) were proved in [K4] (see Theorem 1.3 and 1.4 in [K4] ). 
Estimate (I2TTB1) implies (I2T2TD . Using ([2TT5]) we obtain 



7T 



w n (a;)(l + F„(x))cix 



+ 



<7n 



4 7T 

|gn| 



v n (x)Y n (x)dx, 



iln 



which gives (I2.22p . We will show (12.231) . Let r = ^ and a„ = I 11 -. We need the estimate 

(2.27) 



hi 



- , 1 „. ^ r 2 C , C = (3 + r)M 2 + M n , 

(see Lemma 2.1 in [K4j ) . Then we obtain 

K-l| ^ \a n -(r 2 /h 2 n )\ + \(r 2 /h 2 n )-l\ <: r 2 C + 2\(r/h n ) - 1\. 
The estimate (I2.24p implies 

+ l + y„(^) ^ rM n + ^- 



r 








K 





/i n 1 + Y n (z° n ) 



(2.28) 



(2.29) 



Then \a n - 1| ^ AM n + r 2 (3(l + r)M 2 + M n ), which yields ( 12T23|) . 
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3. The action A n (h) as a function of h 

Define the ball B p (r) = {77 : \\rj\\ p ^ r} C £ p ,r > 0. Let P c be the complexification of the 
space £ p . In the complex space (P c the corresponding ball is denoted by B p c {r) C £q. Define 
the strip 

3p = {ve£ 2 c :\\Imvh<P}, P>0- (3.1) 

Recall that for fixed fceC the function z(k, h), h G is even with respect to each variable 
h n G 1R. Below we need some results about the quasimomentum (see Theorem 2.3, 2.5 from 

[EES]). 

Theorem 3.1. i) The functional Qq : £ 2 — > R + has an analytic continuation into some strip 
3p, /3 > and the gradient is given by: 

sinn h c) 

V n Q (h) = u n (h) = (-l) n - 1 ^-^, all nGZ, V n = — . (3.2) 

ii) There exist e > (3 > such that for any fixed real h G £ 2 the function z(k, h + if) has the 
analytic extension from (k,rj) G K{h,e) x B 2 (j3) into the domain K(h,e) x Bq(/3), where 

JC(h, e) = {keC: dist(>, ur n ) > e} c K{h). 

Moreover, for each n G Z i/ie derivatives are given by (the Lowner type equation) 

V n z{k,h) = 0, h n = 0, k^im, keJC(h), (3.3) 

V n z(k,h) = " — -, h n ^0, k irn ±ih n , k £ }C(h). (3.4) 

z(k,h)-z n (h) 

Hi) The mapping a : £ 2 — *• £| /or a// j G [0, 00) groen fry 

— ► a = (a n ) n6Z , a n (h) = \A n (h)\^ sign h n , (3.5) 
zs a reaZ analytic isomorphism of £ 2 = {/ = (/ n ) n ez : ^ ngZ (l + n2 Y fn < °°} on ^° ^se//. 
Proof. The statement (i) was proved in [KK3] with i/ n given by 

|A;"(^„,/i)|" 1 sign/i n , z/ |o„| > 0, ^ g . 

0, i/ |<7n| =0, 

Using A(z) = cos/c we obtain A'(z) = —k\z) sin A; and thus A"(z n ) = —k"(z) sin k(z n ), since 
A'(2: n ) = 0. This and sin/c(z n ) = z(— l) n sinh h n = gives A"(z n ) = v"(z n )(— l) n sinh h n , which 
yields f l3.3[) . (13. 4p . All other statements were proved in |KK3j . ■ 
If h G £^, then for each n G Z the following estimates from |KK3j hold true: 

sin n /? 

^aU4 ^ere „„(/») = (-1) ^^A, (3.7) 

and recall that z n G z+] is the zero of the function A'(z). 
Note that (13. 4p is the Lowner type equation for the quasimomentum. 
Introduce the contours c n around T n and Xn around g n by 

c n = {fc:dist (k,F n ) = tt/4} cJC{h), X n = z{c n ,h) C Z. (3.8) 

Below we need some results about the action variable A n (see Lemma 7.6 from [KK3] ) . 
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Lemma 3.2. Each action A n : £ 2 — > [0, oo),n G Z has an analytic continuation into some 
strip 3p,f3 > by 

A n (h) = -— I z(k,h)dk. (3.9) 



Til 



Moreover, the derivatives m G Z have the following f 



orms: 



V m A n (h) = £ / f , h 6 f 2 , V m = JL, (3.10) 
where v m = v m {K),z m = z m {h), and if h G £ 2 , then 

9 = ug s , (3.H) 



7T 

«'(z+jQ) 

(BHD g ive 



/ 


v(z, h)dz 


Jg\g„ 


(z - z n ) 21 


2z/ m 


f v'(z, h)d. 


7T 


Jgn Z m~ z 


/ 


v(z, h)dz 




\Z z m ^j 



V m A n (h) = — / v '_ 7 , (3.12) 
V m A n (h)=- 2 -^ ( m + n. (3.13) 



Remark. Recall that that - ' z _^ > for all z G g m and the identities (13.111) . (I3.12p and 



1 f v'(z)dz 1 /" v(z)dz „ , 

1 1 + ~ / / v> < 1 + ^m, all m G Z, (3.14) 



./ 2 m 2 7T J g\g n - ( Z Z, n 

t/2 , «2 



Define the operator F : £ — > i by 

(-^ '/)m ^ ^ F mn f n , F m ^ n <^^2 ' / (/n)ngZ- (3.15) 

Introduce the sequence a n = G Z. Due to Lemma [3T21 we obtain 

a m /" v(z,h)dz v m 

F m ,n = / f— vj, a m = 7— , m 7^ n, (3.16) 

a n f v{z,h)dz 

F n ,n = «n + - , ^ , 9 = ^9s- (3.17) 

Lemma 3.3. Let \\q\\ ^ ~. T/ien F — J id zs i/ie Hilbert- Schmidt operator and satisfies 

\F m , n \ < 777 — sj, m^n, (3.18) 

2(n — my 

|F n>n -l| ^5S n , (3.19) 

||F-/ id |ks ^IMI 2 < 7^, (3.20) 

|a n -l|<55 n , (3.21) 
where || • ||#5 zs a Hilbert- Schmidt norm and the operator F has an inverse. 
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Proof. If m ^ n, then using (12.171) . (13.71) we obtain 

\"m,n\ ^ 



7T 



ilr, 



(n — m) 2 2(n — m) 2 



We show (13~T9D . Using (1X231) and Lemma Owe obtain 

I On - 1| < S n (A + ^ ((3 + |)£ n + l)) < 

which gives (ET2Ij) . and ^ fs which yields f l3~19D . 

Combining (13181) . (13TA|) and using (12T20|) . (1L"2|) . we obtain 

IIF-y^aiism + EEj^ 
< 25HSIMISIU + £ ML < ^Ikfg 4) < «*l| 9 ||* 4, 

which gives (I3.20p . ■ 

4. Proof of main Theorem 

Recall that the Hamiltonian has the following form (see [K2] ) 

H = ^{2im) 2 A n + 1El - U, U{A{a)) = V{h{a)), (4.1) 

where V(h) is defined by 

8 f 

V(h) = — v 3 (z + i0,h)dz^0, v = Imk(z), (4.2) 
3n Ju gn 

and h(a) is an inverse mapping for h — > a = (a n ) n€ z, a n (h) = \A n (h)\2 sign/i n (see (13.51) ) and 
A(a) is defined by A n = a 2 ,n G Z. Recall that a —>■ h is a real analytic isomorphism of £ 2 
onto itself (see Theorem 13. ip . In fact in order to get the properties of U(A) we work with the 
functional V(h) and below we study how our functions depend on the Marchenko-Ostrovski 
parameter h G i 2 . 
We define the functions V n (h),h G £ 2 , by 



V(h) = £- f v 3 (z, h)dz = V n , V n (h) = JL / 



v 6 {z,h)dz ^ 0. (4.3) 

Recall that t>(;z + zO) > for all z G g n ^ and t> is defined by the equation cosht>(,2) = 
(— l) n A(z) ^ l,z G (?„. Note that for fix k G /C(/i) the function k(z,h) is even with respect 
to each variable h n ,n G Z, and then due to (14. ip . V(h(a)) is the functions of A = (A n ) ne %. 
Using v 2 (z) ^ /i 2 , z G g n (see (12.151) ) we obtain the simple estimate 

8/? 2 r Ah 2 A 

— / u(z + i0, /i)<fe = — 2-Ii, a// hgZ. (4.4) 
Consider now the function V n : £ 2 — > [0, 00), which has good properties. 
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Lemma 4.1. i) Each V n , ?i6Z has an analytic extension from £ into some 3/3, (3 > by 



71 

02 



Ai , 

V n = — / (k - nn) 2 z(k, h)dk. (4.5) 



Moreover, if h G £ , then their gradients are given by 

T7 t/ fh\ Aiv ™(h) f (k - nn) 2 8u m f v 2 (z)v'(z) 

V m V n {h) = — — / dfc = — / d*, (4.6) 

„ Tr/ , s 8z/ m f v 3 (z)dz . n , 

V m V n (h) = --^ K ' if m^n, 4.7 

37r Jgn ( z ~ z m) 

V n V n (h) = ^ f ^lv 2 (z)dz > 0, (4.8) 

where v m = v m (h), z m = z m (h) are real analytic on £ 2 and v(z) = v(z + i0,h),z G g n . 
ii) The estimates U.5\) . U.9\) and the following estimates hold true: 

\V n V n (h)\^9\h n \ 3 , and \V m V n (h)\ *C iM^i lf m + n. (4.9) 

3 (n — my 

Proof, i) Using v(z + iO) = —v(z — iO) for all z G g n and the integration by parts, we obtain 

Ai f Ai f 

V n = -— / (k - nn) 3 dz = — (k — ixn) z(k)dk. 

07T ] v 71 L 

The last identity and (13.41) give 

V7 t/ fh\ AiUm f ( k ~ au 4 ^ m f ( k ~ 7rn ) 2 u>r \a 

V m Kw = / "77^ a* = / fc I 2 )" 2 ' 

Ti J Cn z{k) - z m Ti J Xn z - 2 m 

which yields (14.61) . (14.81) . Integration by parts implies (14.71) . Note that z m = z m (h) is real 
analytic on £ 2 , see |K1] . 
ii) We will show (11.91) . Using (12.151) we obtain 



'VC)- \r 2 - (z - z° n ) 2 \K £=^¥±, r = %> 



Now we calculate the first integral: 

h = — [ v 3 n (z + t0)dz = — T \r 2 -t 2 \ldt = r\ (4.11) 
3vr J 9n 3tt J_ r 

Using fl47TU]) . fl47TT]) and J 2 ^ we obtain 

y ^E^i 4 - ( 4 - 12 ) 

Using (I2.22p we deduce that 

^ A 2 n - r 4 = (A n - r 2 ){A n + r 2 ) ^ r 2 M n 2A n < 2A*M n . (4.13) 
We estimate the second integral by 

^ h = Vn ~ r 4 = |- / + i0)((l + r n (^)) 3 - l)dz 
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^ M n {\ + M n f - [ vl{z + iO)dz = 3r 4 M n (l + M n f ^ 12r 4 M n , 



since Y n (z) > for all z G g n 7^ and M n ^ 1 , r 4 ^ A 2 n . Thus combine the last estimates, 

J_ = it 

;n>0 n 2 6 



we get (HI, since ([2719]) and £ n>0 4 = f give 



• m=£n 

We show (030) ■ Using (fO) . f[2TTTj) . (gUD ■ we obtain 

ivy t/ / mi ^ 8lJ mh 2 n f v{z)dz 4u m h 2 n A n 

and using (13.141) . we get 



\v n v n (h)\ < SM! /" ^^<8i/g 3 (i + s;)o|An| 



which yields (14.91) . 
Using (13771) . (IQj) we obtain 

t/ = ^ jf * s (*)<k < ^\\h\L j v{z)dz = ±\\h\\UA\\i < ^Pll?, 

which yields (11.51) . ■ 

Lemma 4.2. zj Lei g G L 2 (T). TTzen 

Ar^l ^ KJM ^ K ^ \A n \h n \\ (4.14) 
3 37T 3 

cosh/i n - 1 ^C %^, Co = cosh Halloo, (4.16) 

o 

IM < ^\9n\. (4-17) 

zzj T/ie estimate M.b}) holds true. Moreover, if \h n \ = ||/i||oo /° r some jigZ, i/ien 

z/ C ^ 2, =► |o n | ^ 2, |/i n | = H/ilU ^ ^A n , (4.18) 

C < d = max{2,cosh|p|| 00 }. (4.19) 

Proof, i) Let o n 7^ 0. Assume that a n = z n —z~ ^ |o„|/2, the proof of the case z+—z n ^ |g n |/2 
is similar. Define the function f n (t) = P— , t = z — z~ G (0, a n ). The function v(z + iO), z G g n 
is convex and then v(z~ + t + z'O) ^ f n (t),t G (0, a„), which yields 

V n =^~ f V 3 ( Z ,h)dz^^- f " /3(t)dt=AJ^!! / " t 3^ = 2 1 ^3 

3vr J 9n 3tt Jo 3tt o£ J 37r 37r 

Using u(z + z'O) ^ |/i n | for all 2 G g n , we get K ^ / = ^f^A n . 

The Taylor formula implies A(z~) — 1 = ^A"(z~)(z~ — z n ) 2 for some z~ G (z~, z n ). 
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Using the Bernstein estimates for the bounded exponential type functions we obtain 
sup 2gM |A"(,z)| = sup zgR |A(^)| = Co. Then combining the Taylor formula plus the Bernstein 
estimates we get (I4.16p . which gives (14.171) . 
ii) The estimate (147L61) yields C - 1 < C l -^f, C = cosh \\h\lao. If C ^ 2, then we 

deduce that ^ and thus \g n \ > 2. Thus, the estimate (jZIHD gives |/i n | ^ ^ 

|A n and we obtain (14.191) . 
Using gI5D , (14371) . (T4~T9D . (I231j) . we obtain 

u < 1 ^A n |/g 2 < Iv^^^nl^lkl ^ ^v 7 ^" 1112 



2- 



Moreover, using (I4.15p . (12.141) . we obtain 



, -IUII 2 

2 / ^ - -ii. i ■ -ii. i ^ q / j - x n q II 112' 



which yields (11.61) . ■ 

The function V(h) is even with respect to each variable h n , n e Z, and then U(/i) is the 
function of h 2 n , n G Z. 

Lemma 4.3. Let h £ £ 2 be such that \\q\\ < |. Then for sufficiently small e = (e n ) ne z £ £ 2 
the following estimate holds true: 

\V(h + e)-V(h)\^9\\e\\ 2 . (4.20) 

ii) The function V : I 2 — > [0, oo) /ias i/je derivative V n V(h) for each n e Z, which is continuous 
on £ 2 and is given by 

lv m f v 3 (z)dz 
'g\9m ( z ™ 

\fm\< 3|i/ m |P|| 0O 5' Tri . (4.22) 



V m V(/i) = V m U m (/i) - /„(/!), /m = ^ / / (z)d ! 2 , (4-21) 



Proof, i) Using Lemma [4. II we get 

where all series converges absolutely. If h = h + te, then estimates (14. 9p . (12.141) imply 

h 2 n A n (h) < 8 \h m hj\ 
{n — m) 2 ^ 3n (n — m) 



V n V n (h)\^9\h n \ 3 , and \V m V n (h)\ < 4| "" WI <; m ^ n> 



and thus using ^ n>0 4y = ^, we get 



sC ||e|| 2 jT ^yll/illa + 9||fc||^W < 9||e| 



since II /ill ^ 1. 
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ii) Let e\ = (d>i in ) n6 z a unit vector in £ p ,p ^ 1. Using again Lemma I4TT1 we obtain 
V(h + tet) - V(h) = ^{V n {h + t ei ) - V n {h)) =J2f v i V n( h + Te i) dT 

n JO 

^Vv^ + Zo, 7 = J2 I ^i(Vn(h + re l )-V n (h))dr, 

n JO V / 

where all series converges absolutely. Assume that Jo = o(t) as t — > 0. Then Lemma T4. II gives 

{EH). 

We show that I = o(t) as t — » 0. We have 



J = f G(t)dr, G(t) = J2b n (t), 



bn(t) = V 1 (V n {h + re 1 )-V n {h)) 



A' 



G — Gi + G2 — ^ ^ 6 

Estimate (14.91) implies 



n ■ 

-N 



\Gi(t)\ < £ |6„,(t)| < £ 4 ~ 



C C 
(1 + n 2 ) ^ N 



\n\>N \n\>N 

for some absolute constant C and N > 1 large enough. Each function b n (t, h) is real analytic 
in h e then |G 2 | = o(i) as t — > 0. 

Similar arguments give that ViV(/i) is continuous on £ 2 . 

We show (14T22D . Using fLTTSj) and fTOHjl we obtain 



/" v 3 (z)dz ^ 8i/ m ||/i||£, y u(z)cfe ^ 8z/ m ||/i" 2 

37r -W, - Z) 

and (J22U), (12191) . fl2T20]) . fT2T22l imply 



f _ f _ m / _ V^"^ ^ ""m||"-|loo / uy^j^^ ""m||"-|loo q 



hi < (|^| 2 /4)(1 + S n ) 2 ^ A n (l + (128)- 1 ) 2 , all n G Z 
which yields fl4~22]) 

2h. 



The function u n = is well defined and is continuous in £ 2 , since by Theorem 13.11 the 
function a n = ""5 is real analytic. 



Lemma 4.4. i) Let a n = . Then each component u m = 9 Yffi , m £ Z is continuous on 



2h ' I it'll' ouiojn ^vhi,jjvivl>ivu \-u m — Qyp, , 

1,2 and satisfies for all liGl 2 ; 



4a m /" ^ 2f ^v'{z)dz ^ n _ _ 4a m f v 3 (z)dz 

(4.23) 



= Wml-W m 2, ^ml = / V (z) ^ 0, U m2 = — / 7 ^ 0. 

7T ./„_ - Z 37T y g \ flm (Z m - ZY 



Hi) If \\q\\ ^ 5, i/ien i/ie components w m ,m e Z satisfy 



Z m2 ^ l\h n \ 2 , u m2 < (4.24) 
|£ ml - 2A m | ^ 29A m S m ^ (4.25) 
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\u m \^3A m + 2\\A\\ oc S m , II2IU < 4||A|| 00 , (4.26) 
|S5 m -2A™| OlpHooS'™. (4.27) 

Proof, i) (|4.?p and (14. 8 p imply the simple estimates (14.231) . By Lemma 14.11 and Theorem 
13. H each ^sgt^ , w G Z is real analytic on £ 2 and estimates (14. 9p give that each component 

u m = 9 Qh2 ) m G Z is continuous on I 2 . 
ii) Using KZ2l\ . fl3T7D we obtain (jQ4) . 

Substituting the identity (13.141) into the definition of uj m \ (see (I4.23P ) we derive 



. . . . 4a m r 2 /" v(t,h)dt Aa m f 2 2 v'(t)dt 

(4.28) 



'g\g m \ L *™>) " 
where r = %l Estimates fl2TT8|) . fl2T22D give 



/o = — / < ^ m r 2 S m ^ 4A m S m . (4.29) 
71 Jg\g m K 1 ~ z m) 

We rewrite the integral / in the form 

4a m f 2 2(+ ,,v'(t)dt t \ t \ t t Aa ™ f /„ orrt 

/ = / (r - w (i)) = I x + I 2 + I 3 , = / /j(t) -, (4.30) 



71 Jg m Z m t It Jg m Z m t 

where 

r 2 -v 2 = f 1 + f 2 + f 3 , A=r 2 -v, f 2 = v-v 2 m , f 3 = v 2 m -v 2 7 v = r 2 - (t - z m f 

and recall that v 2 m = r 2 - (t - z^) 2 , z m = Zm + Z ™ , t e g m . We estimate all J,, j = 1, 2, 3. 
Consider 1%. We have fi = (t — z m ) 2 and then the integration by parts yields 

h = [ v '{t){z m - t)dt = ^1 f v(t)dt = 2a m A m . (4.31) 

Consider J 2 . Using / 2 = (z TO - z° m ){2t - z m - z° m ) and (12T26]) . (12491 we have 

\a I 3 • 

|/ 2 | ^ 2\g m \\z m - z°J ^ ^-M m < 2A m S m |^|. (4.32) 
Consider J 3 . Using §HM we get f 3 = v 2 m -v 2 = -v 2 m Y m (2 + F m ). Thus, (J222J, <&M give 

|/ 3 | < ^M m (2 + M m ) s= A m S m {2 + S m ). (4.33) 

Combine fOOl - fOTD and using fl4T32l) - fl4^33l) . (ETT^ we have 

/ = 2a m A m + I 2 + I 3 , (4.34) 

\I 2 + J 3 | < A m S m C T - / ^ A m S m C T (4 + 45 ro ), 

K Jg m Z m t 

where C T = 2|# m | + 2 + S m , Using fl2~T7]) and (12301) we obtain C T (4 + 4S TO ) ^ 11, thus (jOBj) . 

(B29D, (BSD yield 

S m i = 2a m (2r 2 - A m ) + I - I 2 - I 3 , \ I 2 + I 3 \ ^ llA m S m , I ^ AA m S m . (4.35) 
Consider a m (2r 2 — A m ), which has the form 

a m (2r 2 - Am) = A m + J 4 , J 4 = (a m - l)A m + 2a m (r 2 - A m ) 
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The estimates flZ22D and (12TT8"]) give 

\r 2 - A m \ <: A m S m . (4.36) 

Estimate (I3.2ip gives 

\a m - 1| < 55 m . 
Thus combine last estimates we obtain 

I-Z4J ^ 5S m A m + 2(S' m j4 m = 7>S m y4 m , 
which finally together with (I2.20p gives 

w ml - 2A m = 2/4 + /o - h - h, |2/ 4 + 1 - / 2 - I 3 | < 295 m A m ^ A m /4. 

This yields (14T25T) . Combine fliJH]) . fl425|) and we get (Q7|» . and additionally using fl2T20]) we 
have (I4T26D . ■ 

Proof of Theorem 11.11 The estimates (11.51) . (11.91) have been proved in Lemma T4. II Due to 
|K4j the actions A n have asymptotics A n = |g n | 2 (l + o(l)) as n — ■> ±00. Then if g e £3(1), 
then we deduce that A 6 £ 2 and the functional t/(A) < 00. ■ 
Proof of Theorem 11.21 In order to show (11.101) we use the following identity 

We rewrite the last identity in the short form: 

10 = Xu, where ui = iu m ) m& , u = {uj m ) m£ z, (4.38) 

and X is an operator in i 2 with coefficients X n ^ m . Note that X = F~ x , where the operator F 
is defined in (l3TTH]l . fl3T7D . 

Consider the operator F. The estimate (13.201) implies ^ 1 — \\F — I ic i\\ ^ 1 — ^ > j|, 
thus IIF" 1 !! ^ if. Let F = I id + 5. Then we obtain 

w = F~ l u = u- F^Buj = 2A + f, where / = (u - 2 A) - F^Bu. 

Using (I4.27P we obtain \ui m — 2A m \ ^ 31||yi|| QO (S' m and (I2.20p implies 

\\u - 2A\\ 2 < 31P|U|S|| 2 ^ 31PIU — P|| 2 ^ 6n 2 \\A\U\A\\ 2 . (4.39) 

o 



Lemma 13.31 yields 

|(.Bu;) m | ^ \(F mrn — l)ui m \ + \F mn uj n \ ^ 5S , m |iuj m | + 6||k;|| 00 S' m . 

z — ' / — ' (m — n) z 



Then P^DD,(m give 

||Sa5|| 2 ^ 6||a;|| 00 ||5 , ||2 ^ 47r 2 ||A|| 00 ||A|| 2 . (4.40) 
Combine (I4T391 . (14^40]) and using \\F~ l \\ ^ ±§ we get 



| 2 ^ 7r 2 p|| oo P|| 2 (4 + 6||F- 1 ||) < ll^PIUPH,, 
which yields (ll.lOp . ■ 

Lemma 4.5. Let r G [0, 7r/2] an<i |z — 7rn| ^ r. T/ien 

2|sinz| ^ e |Im2| (l-e- 2r ). 
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proof Sufficintely z G C + . Then 

2|siii2|e |Imz| = 2|e 42 sin;z| = |l-e i2z | 
The max principle for the 1 _^ 2z for the domain 

{z G C + : \z — irn\ ^ r,n G Z} 

and periodic property give that we have to check Lemma for \z\ — r, Imz ^ 0. Let w = 1 — e t2z . 
We have 

1 1 / \w\ 2 \w\ 3 \ 1 

N = r = gl 1 ^ 1 ^ 2 v w ' + ~2~ + IP" J = 2 log ^ ~ 



Then \w\ > 1 — e 



-2r 
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